Lecture 10:

Review & Advanced Regression Techniques




Road Map of the Statistics Part

Lecture 5 Lecture 6 Lecture /7 Lecture 8 Lecture 9

Pearson's Correlation Linear regression :
(Linear relationship) (OLS) Model Selection TLS / PCA / EOF

Uncertainty & Gaussian distribution I, p = scipy.stats. Training error vs.
g S results.summary() e
Significance Chi-2 distribution pearsonr(x, y) prediction error

Independent Sampling

Quantification Mean, Variance,
Technique skewness, & kurtosis

Assumptions Data is Gaussian or
follows specific types

of distribution

Independent Sampling

Equal err variance

: Auto-correlation Split datasets Regression Dilution
Test assumptions K-S test (Effective Sample Size)

---------------------------------------------------------------------------------------------------------------------------- Cross Validation Total Least Square
Treatment Bootstrapping Block Bootstrapping BIC
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Explore a single dataset - a crucial building block for later analysis (Problem 1)
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Steps for evaluating correlations between two variables (Problem 2)

Prepare

Analysis

‘

Quadratic relationship
Spearman's Correlation: 1.00

Circle with Zero Correlation Quadratic with Zero Correlation
Pearson's Correlation: -0.00 Pearson's Correlation: -0.00

Remove mean /

seasonal cycle_ .. . ,. n 500 |

2 ..-". .."._. . 600 -
> 04 ; § >

iz il 40+ 400 -
Plot and visualise 214 A sl 200
you r data 7 ....‘o.o...qoo.-'°...'.. 04 0
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X X X

Are we interested in a [IAY | Use other methods
linear relationship? e.g., Spearman’s rank correlation, or regression

r, p = scipy.stats.pearsonr(x, y)

Calculate Pearson's Correlation

— 2.0
Is data Gaussian? 2
&
S 15"
No E
K-S test s 4 Bootstrapping 210
g
2 0.5
° 1 2
use scipy's p g
Q 0.0 Ll 1 1
value to evaluate o8 0.0 0.5

Bootstrapped Correlation Coefficients |

significance
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Auto-correlation test Calculate Effective Sample size
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Steps for evaluating correlations between two variables (Problem 3)

Prepare

Analysis

— 0OLS \
T === TLS \\
-== Direction of TLS error I \‘.

Do all data have the same unit?

Yes

Remove mean /seasonal cycle

Weigh by the square root of latitude

Reshape data: space x time

Get the slope
from the first
column of U

‘slope = U1y/U1x

v

Use Bootstrapping

to estimate
uncertainty

w JUST STOP HERE!!!

Total Least Square Only

PCA/EOF Only
Common steps

‘ U, D, VT = np.linalg.svd(A)

Start from the first mode ‘

v

Normalise columns of
V / rows of VT

Regression to get the

spatial pattern

Stop when:
FC > 50%

(1) Individual columns of U are orthogonal.

The new directions are
perpendicular to each other.

(2) Individual columns of V are orthogonal.

Pearson's correlations of locations
in the new coordinate is zero.

(3) Diis ranked in a descending order.
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Steps for linear regression using ordinary least square (Problem 4)

Remove mean / Plot and visualise

Prepare
seasonal cycle... your data

import statsmodels.api as sm
X=...

i Analysis model = sm.OLS(Y, X)

results = model.fit()

Y_hat = results.fittedvalues

Significance

Does x contain error?

Are there apparent
outliers?

1 Choose function form
2 | Choose loss function
3 Optimization

No
Is error Gaussian? Bootstrapping

OLS Regression Results

Dep. Variable: y R-squared: 0.714
Model: OLS Adj. R-squared: 0.712
Method: Least Squares F-statistic: 428.7
Date: Mon, 05 Feb 2024 Prob (F-statistic): 1.40e-48
Y _ Time: 11:34:14  Log-Likelihood: 31.252
eS No. Observations: 174  AIC: -58.50
Df Residuals: 172 BIC: -52.19
. Df Model: 1
g use resu lt Su ar ( ) 0 Covariance Type: nonrobust
i .summary() t
! coef std err t P>|t]| [0.025 0.975]
d [ ° [
! evaluate S'Ign'lf'lcance const -0.0722 0.015 -4.686 0.000 -0.103 -0.042
( x1 0.0064 0.000 20.706 0.000 0.006 0.007
¥ Omnibus: 4.837 Durbin-Watson: 0.335
4 L /P ° l 7 Prob(Omnibus): 0.089 Jarque-Bera (JB): 4.856
Skew: 0.376  Prob(JB): 0.0882
¥ eCtu re raCtlca Kurtosis: 2.679  Cond. No. 50.2

-

Yes

No

Overall significance
of the entire model

Significance of
individual parameters

Do X and Y have the same unit?

Yes | |

Yes

Total Least Square

~ Lecture/Practical 18 |

Lecture/Practical 7 ?

0.6
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0.4 1

0.2 1

0.0 -+

0.4 1

Is error independent?

1850 1875 1900 1925 1950 1975 2000 2025

No

Calculate Effective Sample size

¢

Block Bootstrapping

Auto-correlation test
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Steps for Model Selection (Problem 4)
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computational
resource?
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BIC and its Components
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Accounting for Regression Dilution: York Regression

When the error of individual data points is known

York Regression is a way to account for regression dilution.

1 (@ — p)’
P(z|u,0) = exp|—
oV 2m [ 20° |
2 2 2 2
0" =0, ta‘o; — 200p0 0y,
X
Weight is a function
of fitted slope
Input: X, v, (optional)

The algorithm uses an iterative approach that
converges to the solution.
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Account for Outliers: Huber Regression

e data
10 - truth
. o o . . -~ fitted (OLS)
When the error of individual data points is unknown 5 - fitted (Huben)

We need to estimate which data points are more reliable

10 /
=
Comparison of OLS and Huber Loss Functions Gl | |
50 - = : -6 -4 -2 0 2 4
— C=LS Loss (Squaree Loss)
- Huber Loss . .
40 - . : import statsmodels.api as sm
1 i
o : : X = sm.add_constant(years)
3 i i
20 - i I
' Quadratic model = sm. (y, X,
10 - 1 I
Linear ! ¢ Linear
0 - I
—16.0 75 —§.o —2'.5 0.0 2.'5 50 7.5 16.0 results = model.fit()
Residuals
GMST _hat = results.fittedvalues




Generalised Regression and Machine Learning

2

1

Define what it Find that
means by fit "most”

Choose a

functional form

Output

Probabilities
[ Linear |
F m— f ™\
' Latent Add & Norm
X Encoder Decoder X Feed
fc_3 fc_4 Layer Forward
Fully-Connected Fully-Connected
Hidden Neural Network Neural Network 4 | ) Add &'Norm
T Conv_1 Conv_2 ReLU activation g EEE R Mult-Head | - |
"-I Convolution Convolution A Feed Attention
.IH" ! - A (5x5) kernel Max-Pooling (5 x5) kernel Max-Pooling i Forward T 7 Nx
/ N A i % id pa -
/ . Qutpu Nix Add & Norm
A \ ) 0 ~—>{_Add & Norm VR
o Multi-Head Multi-Head
AN ( 1 Attention Attention
i A L} 7 Y 7
g \ / \‘ 9 S J . )
i Y/ Positional B @ Positional
S D -~ N (S | e I Encoding Encoding
. b S ‘ Input Output
W \. 9 Embedding Embedding
> 4 A /i .
j (28 x 28 x 1) (24 x 24 xn1) (12x12 x n1) (8 x8xn2) (4xaxn2) | )7 oot T I
'/ Inputs Outputs
n3 units ‘::-'i:-,—;.*"' '_—_, (Shlﬁed rlght)

Neural Convolutional Neural Network Auto encoder - decoder Transformer
Network (Image recognition; weather forecast) (Dimension reduction; non-linear EOF) (GPT)
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Generalised Regression and Machine Learning

1 2

Choose a

Define what it Find that
means by fit "most”

functional form

Other loss functions

Absolute Loss (L1 Loss) - LASSO regression

Kullback-Leibler (KL) Divergence - For machine learning categorical data
Poisson Loss - For count data.

Binomial Loss - For binary outcomes or proportions.
Multinomial Loss - For multi-class categorical data.
Exponential Loss - For time-to-event or survival data.
Gamma Loss - For positively skewed continuous data.
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Generalised Regression and Machine Learning

2

Choose a
functional form

Optimisation

from scipy.optimize import minimize

result = minimize(neg_log_likelihood, initial_params,
args=(y, omega), bounds=bounds)

Classic Optimisation Methods:

Gradient Descent - Iterative gradient minimisation.
Newton's Method - Uses second derivatives.
Quasi-Newton (BFGS) - Approximates second derivatives.
Conjugate Gradient - Efficient for large-scale problems.
Simplex Method - Linear programming.

Lagrange Multipliers - Constrained optimisation.

Define what it Find that
means by fit "most”

Advanced/ML Optimisation Methods:

Stochastic Gradient Descent (SGD) - Mini-batch updates.
Adam - Adaptive learning rates.

Bayesian Optimization - Probabilistic global optimisation.
Genetic Algorithms - Evolution-inspired optimisation.
Simulated Annealing - Randomised global search.
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